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Abstract—A kind of orthotropic shallow shell involving shear deformation is analysed in this paper.
The decomposed form of the governing equations of this kind of shell, as well as corresponding
fundamental solutions, are obtained. These results have many important applications in theory and
engineering problems.

INTRODUCTION

In the development of composite materials, investigations concerning the theory of ortho-
tropic or anisotropic plates and shells remain one of the principal areas of mechanics. For
shallow shells, however, many studies are still related to thin shell theory. However, for
problems of stress concentration, fracture, medium-thick as well as anisotropic shell struc-
tures, effects of transverse shearing deformation have to be considered. In the present paper
the theory of orthotropic shallow shells involving shear deformation is discussed in detail.
In this kind of problem, investigations are comparatively difficult because of the complexity
of the governing equations. In the paper of Delale and Erdogan (1979), a spherical shell
with a crack was discussed using the shell theory mentioned above. A more general analysis
for orthotropic shallow shells of variable curvature, including transverse shear deformation,
is not found in the literature, except when using a finite element approximation (Bernadou,
1993).

In the present paper, Hormander’s operator method is used initially to decompose the
governing equations of orthotropic shallow shells involving shear deformation, and a group
of decomposed equilibrium equations expressed by displacement functions is obtained. Then,
by using a plane-wave decomposition method and some other treatments, the fundamental
solution for an orthotropic shallow shell involving shear deformation is obtained. These
results are very important for stress and deformation analysis, as well as boundary element
analysis of orthotropic shallow shells.

TRANSFORMATION OF BASIC EQUATIONS

Consider an orthotropic shallow shell in which two principle axes coincide with the
coordinate axes Ox and Oy, respectively, and with a quadratic middle surface given by

z= —1/2(k,x*+k,p?), 1)

where k| and &, are principle curvatures of the shell in the x- and y-directions, respectively.

If the effects of transverse shear deformation are considered further, the basic equations of

the shallow shell can be expressed as follows (Delale and Erdogan, 1979) :
Strain—displacement relations
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Equilibrium equations

ON, Ny _ Ny 3N, _

0x dy =P oy dy =Py

aQ, @

aQ +—Ql-~(k N.+k:N)+p,. =0,
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M, oM, oM,

ax T dy —Cx = ox +_ —Q=m, ®

Stress—strain relations

N, = Bl(3x+v28y)a Ny = B2(8y+vlax)a ny = Bk}’xya
Qx = Cl’yxz, Qy = C27yz’ Mx = D](Kx-i'VgKy),
My = DZ(Ky+lex); Mxy = Dkay' (4)

Here, u, v and w are the displacements in the x, y and z directions, respectively; ¥, and ¥,
are the normal rotations in the xz and yz planes, respectively, due to bending; N,, N,, N,,,
M, M, M,, Q. and Q, are components of generalized stresses; p,, p,, p,, m, and m,
are generalized distributive loads applied in different directions of the shell, respectively;
constants B, B, and B, are called tension stiffnesses, C, and C, shear stiffnesses, and D,,
D, and D, bending stiffnesses, respectively, which can be obtained through the constitutive
law (see e.g. Lekhnitskii, 1963) ; v, and v, are Poisson’s ratios. For orthotropic materials,
the following relations exist among the elastic constants:

hZ
D, = EB:' (i=1,2k), Dyv;=D,v,, Byv,=B5Byv, ®

where A is the thickness of the shell. Inserting eqn (2) into eqn (4), the stress—displacement
relations can be obtained :

a v
Nx =B l:au “+Vy a +(k1+V2k2)W:l

ou Ov
N, = Bz[ +V15 +(k2+v,k,)w] ny=3k($+5;),
0.=c (%

ow ow
Ix +¢'x)’ CZ( y +‘/’)’)9

oy, 0 0 o,
DI( * +v2 a!f’y), My”l)z(;,y‘*' ¥y ;;)

7
ou.
-0(5 %) ®
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Furthermore, substituting eqn (6) into eqn (3), we can obtain the equilibrium equations
expressed in terms of displacements :

(L){U} = {P}, Q)

where
{U} = [u’ U’ w’ wx’ I/Iy]T’ {P} = [pxapy:pn mx’ my]T’ (8)

and [L] is a symmetrical differential operator matrix of order 5 x 5, whose elements are

L=V}, Ly,=A4,D.D, Li3;=A,D, L,=L=0,

Ly = V%z, Ly;= A23Dy’ Lyy=L,s;=0, L3y;= V§3s

Lyy=—C\D,, Lys=—C,D,, L;=V3, L4s=A4D.D,,

Lgs = Vi, ®
where

Ay =Bv,+ By, Ay=B(k,+v:k;), Ay3=B,(k,+v k),

As; = B k}+ Bk} +2B v,k ky,, Ass = D\vy+Dy, (10)

and D,, D,, V} (i =1,2,...,5) are partial differential operators given by

0 0
D, = ox’ D, = ay’ Vi, = B,DI+B,D;,
Vi, = BkD,3+BZD3, Vi = A33—(C1D3+C2Dy2),
V34 = D|D§+DkD§'—C|, Vgi = DkD3+D2D'3—C2. (11)

Since the partial differential equations (7) are coupled, it is very difficult to solve them
directly. By using Hormander’s operator method (H6rmander, 1963), eqns (7) can be
decomposed. For this reason, we define the following displacement functions:

{®} = [@),D,, D3, s, Ds]7, (12)
which satisfy the relation

{U} = [F){®}, (13)

where the symmetric differential operator matrix [F] is the accompanying matrix of [L],
whose elements are

Fii= V%ng-—A§3J4Dy2, Fp, = (A13A23J4—A12-’8)Dny,

Fizs=J3Jy, Fia= —J3Js, Fis=J3Js, Fyy =V Jg—A}J.DE,
Fyy=—0yJy, Fou=JyJs, Fos= —JyJs, Fs3=JJ4,

Fyg= —J\Js, Fis=JJs, F44a =VisJ,—C3J\D},

Fys = (C1C2J| ‘A45-’7)Dny, Fss = V§4J7“C%11D3, (14)

where

Jy = V%IV%Z—A%2D§D5a J, = AZSV%lDy_—AIZAIJDEDy’
J; = A12A13Dfo—A13V§2Dxa Jo= V§4V§5—A35D§D}%,
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Js = C;Vi4D,—C A44sDiD,, Js= C144sD.D}—C\VisD,,
Jy =V} V5V, +2A12A|3A23D§D3 — A3V D} —A4 |3V§2D3“A%2V§3D§D§,
Jg = V33ViVi+2C,C,4,45DID} — A3V, D2D} — C3V3,D? — CiViD2. 15

Substituting eqn (13) into (7) and noting the definition of matrix [F], we have
Z{®} = {P}, (16)

where & is a differential operator given by the determinant of the operator matrix [L] and
given by

£ = J4J7‘+’J1(C|J6Dx—C2JS.Dy). (17)

In this way, the coupled equations (7) have now been reduced to a set of uncoupled
equations for five displacement functions. Let ®(x, y) be the fundamental solution of the
differential operator %, i.e,

ZL(®) = d(x,), (18)
where 0(x, y) is the Dirac §-function. Then the particular solutions to eqns (16) can be

expressed in the form

®;(x,y) = Jj®(x~6,y-n)pj dfdq (=12,...,5). (19)

Once ®,(x,y) is known, the displacements can be determined from eqn (13) and the
generalized stress resultants can be obtained from relations (6) :

{T} = [R}{®}, (20)
where

{T} = [Nx)Ny, ny9 Qx, Qy, Mx: My9 Mxy}Ts (21)

and the elements of the differential operator matrix [R] are listed in Appendix 1.
Suppose a set of concentrated load components is acting on a point (x,, y,) of the shell
in different directions:

pi=Pido(x—x0,y—y0) (j=12,...,5). 22)
Inserting eqn (22) into (19) yields

D, = PO(x—x¢,y—yo) (=12,...,5. (23)
Substituting the above expressions into eqns (13) and (20), we can therefore take the stress—
strain analysis for orthotropic shallow shell members acted upon by concentrated forces.

Moreover, the fundamental solution ®(x, y) can also be used to construct the kernels of
boundary integral equations for BEM analysis (Lu and Huang, 1992).

FUNDAMENTAL SOLUTION ®(x, y)

The analysis of the above section reduces the effort to find the fundamental solution
P(x, y) restricted by eqn (18}, i.e.
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[JaJ 7+ 1(C1JsD— CoJ 5D )]O(x, y) = 6(x, y). (249)

This is a tenth order partial differential equation and can be transformed to an ordinary
differential equation to be solved by using the plane-wave decomposition method (Gel’fand
and Shilov, 1966).

For two-dimensional problems, let

p = 0 x+w,y, (25)
where (v, w,) are the coordinates of a point on the unit circle:
w;, =cosf, w,;=sinb (26)

Therefore, (x, y) can be expressed as (Gel’fand and Shilov, 1966) :

1 2%
8(5y) = — 33 f ol =2 6. @)

The fundamental solution ®(x, y), written in the following form,

2
O(x,y) = L o(p)dp, (28)

is called the plane-wave representation of the fundamental solution. Substituting eqns (27)
and (28) into eqn (24), and taking note of the following relations:

0, 7} 7, a
5;=wxa—p, 5=G)25‘;, 29)

we can obtain, after proper simplifications, the following tenth order ordinary differential
equation:

d4 6 4 dz 1 )
EE‘{““EE +a1d—p4+a2d—pi +03:l¢(P) = —;n—zlpl , (30)
where

ag = —K;010,, a, = Q:(4530:1+ Q)+ Q1 (K3Q3+Qs),
a, = —03(4330,+Q7), a3 =CiCa(43:0,+0Q7); (31

the coefficients X, (j = 1,2,...,5), @; G = 1,2,...,9) are listed in Appendix 1. After four
integrations for eqn (30), we have

w0 ha L L o o) = g ptInlpl 32)
Odpe aldp4 a2dp2 3 (pp —8n2p ﬂ’

The above equation can be further written as

d>  L\(d? 2)(‘12 2) 1,
(ap*ﬁ)(a;i“'z al‘)‘z'-'z (P(P)-8nzaoﬂln'ﬂl, (33)

SAS 31:7-B



918 P. Lu and O. MAHRENHOLTZ

where 3, r3 and r} are the roots of the equation

a, ay as
rPt—rit =+ —==0
Ag a, ag

and are given in Appendix 2. The particular solution of eqn (33) can be written as
3
o(p) = Y [fi(p)e” +gi(p)e "], (34
j=1

in which the functions f;(p) and g;(p) can be obtained by the method of variation of
parameters (Ye and Xu, 1978):

fip) = gA,{[r}pZm ol +7,02In o+ 1)+ 1nlp[+3)]e”’f”+2j ea’ do‘},

p

2 l}o’
9/p) = %A,-{[rfpzlnw— P2 Injpl + 1)+ (2 1n|pi+3)]e*fﬂ—2f %da}

— 0

(=123, @39

where

1
3

8nlapr} [1 (r7—rP)

i= Ligtj

Aj=— (=1,2,3). 36

Substituting eqn (35) into (34) and after proper simplifications we have
3

3 3 © o=1o £ e
¢(p) = p*In|p| zrfA,-+(2ln|pi+3)ZA,»+ZAJ[6”"I ea d"“’"""f e_a"'d"]'
j=1 i J=1 P

ji=1 fad:

(37

The integrals in the above equation can be expressed by an exponential integral E,(z)
(Abramowitz and Stegun, 1966)

j " o= B+ {‘ —senlRete )]} senlim ol

o 2
[ L= ~Birn+] [lrsmmeefamimeor 09

where sgn (x) is the sign function, and Re (*) and Im (*) are the real and imaginary parts of
complex variables, respectively. Equation (37) can be rewritten as

3 3 3
9(p) = p*Inlpl T rfA+Q@nlp+3) T A+ T Anfo), (39)
= =1 j=

J
where

x;(p) = €7 E\(r;p)+e” " E\(—r;p)+in {Sinh (rip)
—cosh (r;p) sgn [Re (r;p)]} sgn[Im(r;p)] (j=12,3). (40

According to the series expansion of the exponential integral (Abramowitz and Stegun,
1966), eqn (39) can also be expressed in the form of a series expansion. Let
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Re(r)
Im (r))

a; = arctan (i=123); C3y)

the arguments of the complex variables +r;p can therefore be written as

arg(tr;p) = Lsgn[Im(r P)]{ Fao;sgn[Re(r P)]} (j=123). 42

Expanding the exponential integrals and the hyperbolic functions in eqn (40} in series and
noting eqn {(42), we can obtain after proper treatment

%(p) = —-2{v+ln 70l +i(—2”E —oc,«) sgn[Re (r;p)] sgn [Im (r,-p)l}

5 () & ()™
2, @mt Y2, m)

y@2m+1) (j=123), (43)
where

Yy(m+1) = i —i— D=0, (44)

and vy = 0.51721 is Euler’s constant. Substituting eqn (43) into eqn (39) and deleting
polynomial terms in p and p?, we obtain

(o) _221\ Z (’f”)zm”[ +1n [r;p| +if,— Yy (2m+3) 45
o(p) = omini|’ 1P| +iB; m , (45)
where

B = (g —aj) sgn [Re (r;p)]sgn[Im (r;p)] (j=1,2,3). (46)

Substituting eqn (39) or eqn (43) into eqn (28), the fundamental solution of eqn (24) can
be obtained, in which the definite integral (28) may be solved by numerical integration.
Therefore, according to eqn (19), the plane-wave representations of the displacement
function are

2n 2n
Q;(x,y) = L ¢,(p)do = L [ffﬂﬁ)l’;(& n) d¢ d'l] dé (j=12,...,5, @7

where g = (x—{)cos8+{(y—n)sinf. In particular, when a set of generalized unit con-
centrated forces is applied to a point of the shallow shell in different directions, the
displacement functions are simply ¢,(p) = ¢(p) (f = 1, 2,...,5). Furthermore, according to
eqns {13) and (20), the plane-wave representations of the displacements and the generalized
stresses can be also expressed as

W= [ @0 =["Eior e @)

(1} = f " Ty a0 = f " R} a6, @9)

where
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{‘P} = {‘Ph‘l’z, (pJ’ (P4, (pS]T9 (50)

and [F] and [R] are differential operator matrices composed of differential operators d*/dp*

(k=1,2,...,9); the corresponding elements are given in Appendix 1.

COMPUTATIONAL CONSIDERATIONS

As shown before, it is necessary to compute @(p) and its derivatives (d*/dp*)e(p)
(k=1,2,...,9) during the computation of the displacements and the generalized stresses.
We define the function 4,(p) as follows:

Ap) = €? E\(r;p)—e " E\(—r;p)+in {cosh (rip)

—sinh (r;p) sgn [Re (rjp)]} sgn(lm(r;0)] (j=1,2,3). (51)

According to the derivative property of the exponential integral (Abramowitz and Stegun,
1966), we have

di;
djf)p) = rin(P) (j = 1,2, 3)5 (52)

where y;(p) is given by eqn (40), and the following relation can also be obtained :

dy,(p) _ .
dp riAip )—— (j=1223). (53)

Moreover, by using the relations of eqn (36) and Appendix 2, we can obtain

3 1 a, 2 1 1
LA g Z A= g o
3 3 3 1 1
Y iA=L A =0, X A= —gn - (54)

where a,, a, and a, are given by eqn (31). Therefore, combining eqns (39), (40) and (51)-
(54), we have

o(p) = 2n|p|+3) Z A;+p*In|p| Z A+ Z A (0),

i=1 Jj=

d
af’f = p(2In|p|+1) }: rPA;+ Z AjriAi(p),
P j=1 j=1

dZ(P 3 3

Fpy i Qnlpl+3) ¥ 7 A+ Y Arins(p),
P j=1 j=1

d2k+|

G ZA, 110 (k=1,2,3),

d2(k+ l)(P
370 = Z A Oe) (e=1,2,3),
d9
Z A A p) + - 4n s (55)

Now, the problem of calculating the derivative values of the fundamental solutions is
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reduced to evaluating the values of y; and 4; (j = 1,2, 3), which is easier from the com-
putational point of view.

The series form of the function y;(p) can be expressed according to eqns (43) and (46)
as

xi(p) = =2 i %QT [V+1nlrjpl+iﬁj—l//(2M+1):| (=123). (56)

m=90

Substituting the above equation into eqn (53), after proper arrangements, we have

© p)2m—1
Moy=-2% %[y+1n|r,pl+iﬂ,~w(2m)] (G=123. (7

If |r;p| < 1, the convergence rate is fast by using eqns (56) and (57) for the evaluation of
x; and 4;. If |r; p| is large, eqns (40) and (51) have to be used to compute the functions y;
and A;. In this case, the problem of numerical computation for the exponential integrals
E,(r;p) and E,(—r;p) will be encountered, which has been discussed in detail by Lu and
Huang (1991).

To calculate displacements and generalized stresses, the following integrals will be
treated :

ak+l®(x,y) B

2n d
ax* oy’ —J; cos"()sinlo——p—d() (k,1=0,1,2,..)). (58)

This can be calculated by sub-region Gaussian numerical integration, in which the values
of ¢(p) and its derivatives can be obtained in eqn (55). Detailed treatments are given by
Lu and Huang (1991). Numerical examples and the extension to boundary element analysis
will be given in another paper.

CONCLUSIONS

In the present paper, a set of uncoupled equilibrium equations for orthotropic shallow
shells involving shear deformation is derived. The fundamental solution for the shells is
obtained, and corresponding computational formulations are given. The method can be
used in stress—strain analyses for composite, rib-shell structures etc. The fundamental
solutions derived in this paper can also be used to construct the kernels of boundary integral
equations, which are essential work for BEM analysis.

In addition, the treatments for decomposing governing equations with Hérmander’s
operator method and constructing fundamental solutions with the plane-wave decompo-
sition method, which are used in this paper, can also be extended to analyses of anisotropic
plate and shell structures. It is an effective method of treating complex mechanics problems.
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APPENDIX 1

The elements of differential operator matrix {R] are

Ry = B\[FyDo+ v Fy D+ (K +v:k2)F 5 ),
Ry = B, [v\F D+ Fy D+ (Ky+v ik )F3 ),
Ry = BlF,D,+FyD.}, Ry=C\FyD,+Fy],
Ry = CilFyD,+Fs), Ry = D\FyD.+v.F5,D)],
Ry =DylvFyD,+F D), Ry=DiF,D+Fs;D] (j=12....5,
where the differential operators Fj; are given by eqn (14).
The coefficients K and Q; are defined as
K, =B wl+B.w}, K,=Bw}+B,0} K =Col+Col
K, = D,wi+ D0}, K;= Dwol+D, w0l
01 = KiKy—4holel, @)= KKs—Ajwinl, Qs =C:K,+CK;,
Qs = C,K—C 44503, Q5= CrA 03 ~CKs,
Qs = 2C,C 4 wio}— CiKwi~CiKw?,
Q7 = 2443 4wie) ~ 43,K,07 - 41K 07,
Os = AnK —ApAdnol, @y = 44303 - 4K,

where 4, 4,3, 4;; and A4, are given by eqn (10). Let

d &

D p=d—pk.

= d_;; s
Therefore, the elements of differential operator matrices [F] and [R] are

B\, = —K:K30.D; +[Ky(A43:0:+ Qo+ K3Q3) — 43:0,031D)
+ Q34303 — K2 433)Df + € Col433,K, — AL 0D D},
F,=F,= @004 K305 + (41342305 — A12(43:0,+ Qs + K:02)) D5
+05(A4,3455— A3 A433)D5 + C,Co(A 3423 — A 134 33)D]),
Fy=F,= Q9w1[Q2D;“Q3D3+C1CzDﬂ,
Fn = Fu = —stﬂQsD:*‘ClCzD:]’ FIS = Fﬁl = Q9w1w2[Q4D:"CIC2D:];
Fy = —K,\K30,D; +[Ki(4330:+ Q6+ K303) — 43,0,011D;
+Q3(4};01 — K 435)D; + C,C1(45;: K, — A},01) D},
fzs = F:z = —stlezD,Z'“QJDpS“*‘CICzD:L an =Ly = st1w2[Q50§+C1C2D:],
Fpy=Fi, = —@s03[0.D:~C,C,D}, Fyy = 0,[0.D3—0,D5+C,C, DY),
e=Fo= — 010,100+ C,C,D;), Fys=Fs = Q‘mz[Q.:D;-'CszDSL
50 = — KK Q0 DE+K:(A30+ 09+ Cr0 (K~ Crod]Ds — €y (41,0, +Q)D},
F-:s = is:x = w,w2[A45K3Q,D§ +(C1C2Qr —A4s(43:Q, +Q7))D§L
Fos = —K3KQ\ D} +[Ki(A43:0 4+ Q7)+ C (K3 — C oI - Ci (43,0, + @)D},

Iz

and

R, = Bl[wlﬁlij+v2w2F2iDp+(kl+v2k2)i3j]9

Ry = Byv. 0, F\ D, +0,F,D,+ (ky+v k)3,

R, = BJw,Fy+o,F)\D,, Ry,=CiloFD,+F,),

R, = C2[®2F3JDP+F5}']’ Esj = Dfo,Fy+v,0,F D,

R, =Dy, Fy+w,F D, Ry =DJw.Fy+e F)D, (i=12..,5.
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APPENDIX 2

For the equation

a, a,; a
et 2 2o,
ap o 1}
let

z=r} A;=afa, (i=123).
Then, eqn (A1) can be written as

22+ A,22+ A2+ 4, = 0;

923

(AD

(A2)

(A3

this is a cubic algebraic equation and its solution can be discussed according to Abramowitz and Stegun (1966).

Let

g=134,—34}, p=1(4,4,-34;)—H43.

A9

Thus, when g°+p® > 0, eqn (A3) has one real root and a pair of complex conjugate roots; when ¢*+p? = 0, all

roots are real and at least two are equal ; and when ¢° +p? < 0, all roots are real.
Furthermore, let

si=[p+H (@ +p)", s =[p—(@*+pH"1;

then the three roots of eqn (A3) can be written as

A
7= (5 +5)— 3,

4]

i—\zé(sl —53),

iv/3

3
zy= — 401 +8)—F — —2‘(51 —52),

A
—%(Sl‘*"sz)—T"*'

3

and

2\ +23423 = —A,, 212,+2,23+2,23=A,, 2,2,2; = —A;.

Therefore, the solution of eqn (Al) is

2 2 _ 2 _
=2z, r;=2z;, ry=2z;

(A5)

(A6)

(A7)

(A8)



